Abstract. We show that sets of n − p + α(p − 1) Hausdorff measure zero are removable for α-Hölder continuous solutions to quasilinear elliptic equations similar to the p-Laplacian. The result is optimal. We also treat larger sets in terms of a growth condition. In particular, our results apply to quasiregular mappings.
Introduction
Throughout this paper we let Ω be an open set in R n and 1 < p < ∞ a fixed number. Continuous solutions u ∈ W In this case, the continuous solutions of (1.1) are called p-harmonic functions. The main result in this paper is the following theorem.
Theorem. Let E ⊂ Ω be closed and s > 0. Suppose that u is a continuous function in
for all y ∈ Ω and x 0 ∈ E. If E is of s-Hausdorff measure zero, then u is A-harmonic in Ω.
Since sets of p-capacity zero are removable for bounded A-harmonic functions, Theorem 1.6 is interesting for s > n − p only. Kilpeläinen, Koskela, and Martio [KKM] had a special version of Theorem 1.6, where u was assumed to be flat on E and Hausdorff measure was replaced by a Minkowski content type condition.
Corollary. Suppose that
The following theorem shows that Corollary 1.8 is optimal. Before stating the theorem, we recall that there is a constant κ, 0 < κ = κ(n, p, λ, Λ) ≤ 1, such that every A-harmonic function h in Ω verifies the local Hölder continuity estimate
for each 0 < r < R and B(x, R) ⊂ Ω [HKM, 6.6] . For smooth A, in particular for the p-Laplacian, we may choose κ = 1 (see e.g. [K, 2.3] ).
Theorem. Let κ be as above and
For the p-Laplacian we have the following sharp result. Carleson [C] proved Corollary 1.11 for the Laplacian (p = 2). As to the quasilinear case, Heinonen and Kilpeläinen [HK, 4.5] proved Corollary 1.8 with α = 1, and Trudinger and Wang [TW] proved it under the assumption that u has an Asuperharmonic extension to Ω, which can be dispensed with for small α. However, in the general situation the growth condition of Theorem 1.6 yields a more useful result, since A-harmonic functions are not in general in C 0,α for α close to 1. Koskela and Martio [KM2] proved a weaker version of Corollary 1.13 and 1.8, where Minkowski content is used in place of Hausdorff measure. Buckley and Koskela [BK] also established very special cases of Corollary 1.8. In [K] there is a weaker version of Theorem 1.10.
for a.e. x ∈ Ω; here J f (x) is the Jacobian determinant of f at x. The coordinate functions of a quasiregular map f satisfy an equation of type (1.1) with p = n (cf. [HKM, Ch. 14]), whence we have:
for all y ∈ Ω and x 0 ∈ E, then f is quasiregular in Ω.
Corollary. Suppose that
Koskela and Martio [KM1] showed that sets whose Minkowski dimension is less than α n are removable for α-Hölder continuous quasiregular mappings provided that α < 1 − 1/n, and the same for sets of αn-Hausdorff measure zero if α ≤ 1/n.
Our method of proof combines some ideas from [K] , [L] , and [TW] . We use solutions of equations
where µ is a nonnegative Radon measure from W
In particular, we prove the following theorem that improves the main theorem in [K] .
Theorem. Let κ be the number given by (1.9). Suppose that
where µ is a nonnegative Radon measure such that there are constants M > 0 and 0 < α < κ with
, that is, in the case of the p-Laplacian any α < 1 will do. Theorem 1.14 is the best possible (see [KM, 4.18] , [K, 2.7] ). Finally, we remark here that Corollary 1.11 is not true when α = 1. The problem for which sets are removable for Lipschitz continuous p-harmonic functions is more delicate. David and Mattila [DM] treated the case n = p = 2: a compact set E of finite 1-Hausdorff measure is removable for Lipschitz continuous harmonic functions if and only if E is purely unrectifiable. The other cases remain open.
Proof of Theorem 1.6
We need a potential theoretic version of the obstacle problem. Suppose that ψ is a continuous function on Ω and let the balayageR ψ =R ψ (Ω) be the pointwise infimum of all supersolutions 2 u to (1.1) that lie above ψ in Ω. Similarly, let
(Ω) be the pointwise supremum of all subsolutions that lie below ψ in Ω. . For a more thorough discussion see [HKM, Ch. 9 ]. Next we show the following estimate for the balayage; see [L] for a related result.
Lemma. Let K ⊂ Ω be compact. Suppose that ψ is a continuous function with
where M > 0 and α > 0. Let u =R ψ and
for the contact set.
First, let x 0 ∈ I. We assume, as we may, that u(
+ is a subsolution and u + γ 0 a nonnegative supersolution in B(x 0 , 8r). Hence we deduce from the weak Harnack inequalities [HKM, 3.34 and 3.59 (B(x 0 , 2r) ) be a usual nonnegative cut-off function with η = 1 in B(x 0 , r) and |∇η| ≤ 2/r. Then we obtain by applying the Caccioppoli estimate [HKM, 3.29 ] to u − sup B(x0,2r) u and (2.2) that
we have the estimate
Finally, for x 0 ∈ K and r < r 0 , there are two alternatives. Either B(x 0 , r)∩I = ∅ and thus µ(B(x 0 , r)) = 0, or there is x ∈ B(x 0 , r) ∩ I. In this latter case
by (2.3). The lemma is proven.
Remark. Using (1.9) and (2.2), one can easily prove that if
, where β = min(α, κ) and κ > 0 is the constant such that (1.9) holds (see e.g. [HKM, 6.47] ).
Proof of Theorem 1.6. Fix a regular set D ⊂⊂ Ω, for instance a ball. (x, ∇v) .
Since sets of n − p Hausdorff measure zero (p ≤ n) are known to be removable for bounded A-harmonic functions (see e.g. [HKM] ), we need only consider the case where
we infer from (1.7) and Lemma 2.1 that
for all r ≤ r 0 and x ∈ K. Because H s (K) = 0, we may cover K by balls B(x j , r j ) so that
where ε > 0 is given. Consequently, µ(E ∩ D) = 0 and therefore µ = 0, which means that v is A-harmonic in D [M, 3.19] .
Next let w =R u (D). We similarly find that w is A-harmonic in D. Since v = u = w on ∂D by [HKM, 9 .26], we have that v = w in D by the uniqueness of A-harmonic functions. Since
u is A-harmonic in D and the theorem follows.
3. Proof of Theorems 1.14 and 1.10
We recall that κ is the constant such that (1.9) holds for every A-harmonic function h in Ω. Then B(x,r) where we also employed (3.1) and the quasiminimizing property of A-harmonic functions. Plugging these estimates in (3.3) we arrive at B(x0,r) [M, 3.19] and u ∈ C 0,α (Ω) by Theorem 1.14, but u fails to have an A-harmonic extension to Ω, since µ(K) > 0.
